Boundary element modelling was conducted to investigate rail cracks subject to combined thermal and contact loading such as occurs in ÔstudÕ or Ôsquat typeÕ defects in which white etching layer lies above shallow cracks formed without evidence of plastic flow. An embedded crack at 0.5mm below the rail surface was modelled, revealing a thermal mechanism of crack opening. Stress intensity values for a range of contact temperatures were calculated.
INTRODUCTION
Mechanisms of rolling contact fatigue crack growth have become better understood since the importance of lubricants in their growth was identified by Way in the 1930s [1] . There remain a range of mechanisms to consider in understanding their growth and a definitive model has not yet been reached, but they all have the common goal of explaining how cracks can grow in what at first appears to be the compressive stress regime below a rail-wheel contact.
The presence of pressurised fluid acting to open the crack, or a fluid acting as a crack face lubricant are the commonly accepted mechanisms of growth [2] [3] .
In this paper a thermal mechanism of crack growth is investigated using a boundary element model. The origin of the work is analysis of ÔstudÕ, or Ôsquat typeÕ, defects which have appeared over the last 10-15 years, particularly on metro lines [4] [5] . Metallurgical sectioning of rails removed from service has revealed the presence of Ôwhite etching layerÕ above many of the cracks detected by ultrasonic inspection, indicating transformation of the pearlitic steel to a martensite structure, requiring exceedance of the steelÕs eutectoid temperature of 727C at atmospheric pressure [6] . The temperature required may be reduced when heat is combined with pressure, but for a contact pressure of 650MPa the reduction in the eutectoid temperature is only around 20C [7] . A mechanical mechanism for martensite formation through severe plastic deformation at low temperature has been identified [8] [9] , but the remains of undeformed pro-eutectoid ferrite boundaries within the white etching layer show that this mechanism is not active in the ÔstudÕ defects examined.
The cracks in ÔstudÕ defects resemble conventional shallow angle rolling contact fatigue cracks in many ways, but develop with little or no plastic deformation of the rail steel, and with no evidence of corrosion from fluid entry [4] . Fig.   1 and Fig. 2 show a typical stud defect, with undeformed microstructure even immediately below the rail surface. With evidence of crack growth and thermal input, but not plastic flow, the focus of this investigation has been on a thermal rather than mechanical mechanism of crack initiation and early growth. The thickness of white etching layer found in the stud defects examined [4] was up to 125µm indicating significant heat input, and lying below these regions non-surface breaking cracks were found on the cross-sections examined.
CONTACT CONDITIONS
From the mid 2000s defects of the type considered in this paper have appeared on the London Underground (LU) network, and calculations of contact temperature have been carried out based on a sophisticated model of the traction system [10] showing a contact temperature above 727C could be achieved under certain running conditions. For investigation of the effect of temperature on near surface cracks, rather than model specific cases it was decided to consider cases at 20C (effectively ÔcoldÕ), at 500C and at 1000C. A maximum Hertzian contact pressure of 538MPa and contact half-width of 7.5mm were considered, these being representative of LU for which conformal rail-wheel contact and low speeds (hence low dynamic loads) are typical. Surface and crack face friction coefficient was taken as 0.3, and the rail-wheel contact was assumed to be fully sliding. The model includes an embedded crack that would not be subject to internal lubrication or pressurisation by water, oils or other fluids, so these friction values correspond to a dry crack in a dry rail.
BOUNDARY ELEMENT MODEL
The intention of the work reported here was to create a simple model to understand whether contact temperature could be important in the growth of near surface cracks in rails. It was therefore decided to use a two dimensional model with a very simple crack geometry, leaving refinement to examine real crack geometries in three dimensions for future work if the initial investigation gave promising results. A model of the rail-wheel contact was constructed in two dimensions using the Beasy boundary element package [11] . A single embedded crack of 5mm long was located horizontally at 0.5mm below the contact surface, and the wheel contact was represented by a Hertzian pressure profile.
The thermal load was applied using the Beasy Ôline potentialÕ boundary condition type, with temperatures specified relative to a reference for the model of 20C. In each of the ÔhotÕ cases it was assumed that the heat penetrated 0.5mm into the rail surface, with a linear decline with depth to reach 20C at 0.5mm deep. Some preliminary cases were run with a step change in temperature from 500C to 20C at 0.5mm deep, and these showed very similar results to the case with a linear decline in temperature. It was thought the linear decline of temperature with depth was a more realistic assumption for the modelling, and that complexities such as exponential decay of temperature with depth would not significantly enhance the modelling. A penetration depth of 0.5mm is large, but was chosen to correlate with the depths of material found to be transformed to WEL in the metallurgical examination [4] , taking into account also that the transformation to WEL could only take part in the hottest region at the surface and not deeper down where the temperature decays back to ambient. Knothe and Liebelt [12] use a simple calculation of a thermal penetration depth δ, Equation 1, for a contact moving at velocity v, with half width a, across a material with thermal diffusivity k. Taking a as 7.5mm, and using the rail steel properties in Table 1 , a penetration depth of 0.5mm corresponds to a vehicle speed of 0.66ms -1 which would represent, for example, a vehicle very shortly after moving off.
Throughout the modelling it was assumed that the rail surface was heated only in the contact area, and was elsewhere at 20C. The thermal field moves with the contact, and subsequent convection of the heat after the contact passes is not considered. To identify the peak and range of stress intensity factors contact positions at 2.5mm increments were examined up to 12.5mm either side of the crack centre.
RESULTS & DISCUSSION
The most easily quantified results are the stress intensity factors for the crack tips (Section 4.3). To aid understanding of these data contour plots of stress with and without the thermal load, and the deformed geometry plots of the cracks are provided first below. Fig. 3 shows the rail longitudinal stress distribution produced by the thermal load alone (indicated by diamond headed lines) with no contact load and no crack present. The heated region at the rail surface is attempting to expand and is 3 constrained by the surrounding cold material causing compression in the hot area, and tension below it. Tensile stress in the rail just below the heated area approaches yield of Ônormal gradeÕ rail steel (around 400MPa [13] ). The elastic model predicts compressive stress exceeding this value so plasticity would be a possibility, however, constraint by surrounding elastic material outside the contact patch would restrict any plastic flow. Fig. 4 shows the results for stress in the y (vertical) direction. Peaks and troughs in stress are predicted at the transition regions between hot and cold areas at the edges of the contact. This corresponds to the vertical expansion of the hot area (see deformed plots Fig. 5 to Fig.   7 ).
Stress due to thermal input

Deformed surface and cracks
Deformed geometry plots (Fig. 5 to Fig. 7) show both surface and crack faces under combined contact and thermal load.
The thermal expansion of the heated material below the contact patch causes the rail surface to raise slightly, which is not be the case for models without thermal loading. The deformation is magnified in the plots below for clarity, and scale factors for magnification are marked on the figures. The compressive stress caused by thermal loading of the surface is relieved by the thin heated layer rising up, and this provides a crack opening stress which is not present in the standard, cold, case. This crack opening effect is very similar to the effect of fluids trapped and pressurised by wheels passing over surface breaking inclined rolling contact fatigue cracks. However, it does not depend on the presence of a fluid or the sealing of the crack by a passing wheel.
Stress intensity factor predictions
Mode I (opening) and mode II (shearing) stress intensity factors were extracted from the model through measurement of crack opening displacements and crack sliding displacements at each contact position modelled, for both tips of the crack. In presenting the results, the origin of the coordinate system is taken as the centre point of the crack, with the crack tips at ±2.5mm. Peaks in stress intensity factor may not have been found exactly since the number of contact positions examined was limited. Based on previous studies of stress intensity factors for rolling-sliding contacts and the general form of the curves [14] the true peaks could be up to 10-15% higher than those identified, but could not be lower. Table 2 and Table 3 summarise the results, and the plots in Fig. 8 to Fig. 11 show the full set of results as variations in stress intensity factor as the contact (combined mechanical and thermal load) passes over the crack. Fig. 8 and Fig. 9 show that mode I (opening) stress intensity is non-zero for both crack tips over part of the wheel passage despite the compressive wheel load, and without any fluid entry/pressurisation. This stress intensity is increased by application of the thermal loading, with Fig. 12 showing that the change is approximately linear with temperature at crack tip 1 (an almost identical trend was found for crack tip 2). The tendency of the thin heated surface layer to rise up provides a crack opening stress which would not be present in the standard cold case. This crack opening effect is very similar to the crack opening effect of fluids trapped in surface breaking inclined rolling contact fatigue cracks, and the findings of Bower [2] for inclined cracks may also be applicable in this case. He found that sustained rolling contact fatigue crack growth depended on both a reversing shear loading, but also a tensile cycle of stress which would be supplied by fluid entrapment or pressurisation within the crack. In the current case the contact load is supplying a reversing shear loading as the wheel passes, and the thermal load is supplying a crack opening stress cycle.
INTERPRETATION OF RESULTS
Trends in the stress intensity factor
The mode I results indicate that the highest crack opening stresses are reached when the contact is around 10mm away from the crack tip. Assuming it is moving from left to right, this means the peak is reached well before the contact reaches crack tip 2 (right), and well after it has passed crack tip 1 (left). Crack tip 1 experiences higher peak stress intensity factors than crack tip 2, although the differences become smaller with increased contact temperature. These differences (and others for model II discussed below) would lead to different propagation behaviour at each tip of an embedded crack of this type. Although the geometry of the crack investigated here is less complex than found in the metallurgical investigation [4] these differences in stress intensities may correlate with differences in the extent of growth observed at the right and left crack tips (Fig. 1) . Fig. 10 and Fig. 11 show results for mode II (shearing) stress intensity factor predictions. As for mode I there is clear thermal dependence of the results, with the trend shown in Fig. 13 for crack tip 1 (an almost identical trend was found for crack tip 2). The thermal dependence is much higher in mode II than for mode I, with the linear fit line in Fig. 13 having a gradient of almost 10 times that for the mode I case. This difference in sensitivity to temperature is thought to be because in mode I thermal opening of the crack acts against mechanical closure by the wheel load giving only a small net crack opening effect. For mode II the primary effect of the thermal stress is to unlock crack sliding driven by shear stress from the wheel load, through relief of the compression between the crack faces. Thermal crack opening unlocks a large crack driving shear stress of much greater significance than any shear due to the thermal loading itself.
Mixed mode fracture mechanics
The earliest work in fracture mechanics based crack propagation was carried out to model growth under conditions of sinusoidal tensile loading [15] which is typically found in simple test specimens. For a crack perpendicular to the tensile load the K I (opening mode) stress intensity varies in proportion to the load, and the K II (shear mode) stress intensity is zero, leading to crack growth along the existing crack line. assuming that crack growth in fatigue should occur by whichever mode first gives a resultant stress intensity factor exceeding threshold for the material.
The directions of propagation relative to the existing crack growth direction are θ σ and θ τ for tensile and shear mode growth respectively. Applying this method to rolling-sliding contacts for surface breaking contact fatigue cracks Kaneta et al. [21] showed that the value of θ σ which corresponds to the maximum value of K σ is given by one of the roots of the derivative of K σ with respect to θ σ , given by Equation 4.
( )
Similarly the value of θ τ which gives the maximum value of K τ is found using one of the roots of Equation 5. governs crack growth direction is not really resolved by the method, but it is assumed that the crack will propagate in the direction corresponding to the maximum resultant K σ or K τ . Table 4 shows the values of ΔK τ and ΔK σ , the ranges for the passage of the wheel, relevant to crack growth by fatigue. Table 5 shows the peak stress intensities reached, which are relevant to crack growth by fracture. Fig. 14 to Fig. 17 show the variation of these quantities during the passage of the wheel over the crack so the position of the contact at the most critical points controlling crack growth can be seen.
Fracture
When interpreting the predicted stress intensity factors it is useful to remember that the highest level of heat applied to the contact is expected to be present only briefly, not in every contact pass. Literature on temperature of wheels with tread brakes indicates that the surface reaches temperatures around 50-350C in normal operation [22] [23] . Assuming that the rail within the contact patch is raised to the same temperature as the wheel when they come into contact, thermally assisted fatigue crack growth at these lower temperatures would be reasonable, but assuming repeated 1000C contact would be misleading. Where the very high temperatures may have more influence is in fracture of the rail material that can be investigated by comparing peak stress intensities with the fracture toughness of the rail. This can identify if the combined thermal and mechanical load would be capable of generating immediate crack growth in a single application, although the extent of this growth and the likelihood of continuing crack extension would depend on the temperature and mechanical load in subsequent contacts.
Literature data shows mode I fracture toughness (K IC ) as an average for three premium rail steels was 41MPa.m ½ , with a range of 37.25 to 45.75MPa.m ½ [24] . Similar values were found in earlier work [25] which considered a wider range of rail steels including standard carbon steel and head hardened types. Mode II (shear) fracture toughness data could not be found in the literature, and this value is difficult to measure because under most conditions materials form mode I branch cracks rather than fracturing in shear. Similarly, for many years the formation of branch cracks in lab specimens hindered the study of shear mode fatigue cracks in rails, although bi-axial testing was eventually able to reproduce shear mode fatigue cracking in the laboratory [26] using the combined mode I and II stress cycles predicted for rolling contact by BowerÕs modelling [2] . Similar work relating to fracture could not be found in a brief literature search.
Taking the pure mode II fracture toughness for ceramics as a guide, K IIC , has been found to vary between 0.7·K IC and 2·K IC [27] . If it is assumed this ratio also applies to rail steel K IIC would be in range 26 to 91.5MPa.m ½ , or 29-82MPa.m ½ if taking the average K IC value.
Considering modes I and II independently
Comparing the peak mode I stress intensity values (Table 3) to the fracture toughness in mode I shows that the combined thermal and mechanical load is insufficient for fracture to be predicted in any of the cases studied. Looking at the mode II values, the peak stress intensity factors for the 1000C case exceed the lower end estimates of mode II fracture toughness. This suggests some immediate fracture growth of an initial defect of 5mm size is possible through a single application of the thermal and mechanical load considered here. This may either be genuine shear mode growth, or branch development.
Mixed mode approach
Following the method used by Kaneta at al. [21] for rolling sliding contacts, the peak tensile stress intensity ahead of the crack when the combination of mode I and II loading is considered together (K σmax ) can be calculated, and is given in Table 5 .
Comparing the values at tip 1 of the crack with the mode I fracture toughness shows that crack growth by fracture will not occur under cold (20C) or 500C contact conditions. For the 1000C contact the predicted stress intensity factor value is very close to the bottom of the range of fracture toughness found in premium grade steels. Taking into account uncertainties in the model input and differences in steel quality, this suggests crack growth by fracture may be possible. At tip 2 of the crack the K σmax values are well below the fracture toughness under all the conditions examined.
Examining pure shear mode growth on the plane of maximum resolved shear stress it is important to remember that this mode of fracture is hardly ever experienced. However, Table 5 does show the exceedance of the lower end of the range of estimated mode II fracture toughness for the 1000C contact case at tip 1 of the crack. This supports the possibility of immediate crack extension under the condition of a 1000C contact temperature, which would not occur under cold or moderately hot contact conditions.
Fatigue crack growth and stress intensity threshold
Considering fatigue it is only likely that cold or moderately hot contact cases will be repeated rather than the 1000C
case, however, all three are considered here. The significance of the predicted stress intensity factor (SIF) ranges for fatigue crack growth can be judged by comparison with the fatigue threshold ranges for tensile (ΔK σth ) and shear (ΔK τth ) mode growth. As a Ôfirst orderÕ approach it would be possible to compare the mode I stress intensity factor range alone with the tensile fatigue threshold, and similarly for shear mode growth. However, the situation is mixed-mode, with both mode I and II stresses present at the same time and it is more realistic to combine the individual mode I and II SIFs using Equations 2-5 to get resultant tensile and shear mode values. The approach has some difficulties, for example that mode I and II peak SIFs are almost always out of phase during passage of the contact, but has been usefully applied in much rolling contact fatigue research and is effectively representing the worst case of peaks in mode I and II stress occurring together.
For models of rolling contact fatigue cracks including the crack face friction Kaneta et al. [21] found that in the absence of fluid pressure growth is always by shear, and takes place close to the line of the original crack. The actual angle is given as θ τ , the solution to Equation 5. Otsuka et al. [17] found that crack growth would always occur by a tensile mechanism in preference to a shear mechanism if either were possible (i.e. when the stress intensity factor exceeds threshold) and this result was applied by Kaneta et al. [21] in analysis of rolling contact fatigue failures. Although the crack considered here is not a classic inclined rolling contact fatigue crack it is similar, with the thermal stress rather than pressurised fluid acting to open the crack. This earlier work can therefore be used to guide assessment of which modes of failures are predicted by the model.
Threshold stress intensity factors for growth of cracks in carbon steel are available from Otsuka et al. [17] for both tensile and shear modes of crack growth, with values of ΔK σth =6MPa.m ½ and ΔK τth of 1.5MPa.m ½ . Crack growth in a rail can therefore be predicted when, during the passage of a wheel contact, either ΔK τ > ΔK τth or ΔK σ > ΔK σth .
However, if both thresholds are exceeded, growth may be expected to take place preferentially by a tensile mechanism. Table 4 shows the values of ΔK τ and ΔK σ for the current investigation, indicating that for the cold (20C) contact crack growth would be expected by a tensile mode at tip 1, and a shear mode at tip 2, although all the values of stress intensity are very close to threshold. This indicates only very slow growth of a crack of the size studied under cold conditions, and the prediction of growth or no growth will be very sensitive to variation of modelling parameters such as contact pressure and crack face friction coefficient. The difference in stress intensity factor range and mode of growth for the two tips of the crack supports the non-symmetrical growth of the cracks which has been observed in the samples removed from traffic [4] .
Under the 500C or 1000C contact cases all the predicted stress intensities exceed threshold, so based on Otsuka et al.
tensile mode growth would be predicted. However, as mentioned at the start of this section, if persistent traction system events at a specific location are excluded, the repeated application of heated contacts would be dependant on wheel temperatures reached during normal running, which would be very unlikely to be at 1000C.
CONCLUSIONS
A simple model has been developed to examine how significant the surface temperature of the rail is to the growth of a sub-surface defect in a rail suffering from squat type or ÔstudÕ defects. This question was addressed using a 2D boundary element model of the rail-wheel contact in which stresses due to thermal expansion of the rail steel and contact loads were combined. The model did not consider the volume change (and consequent additional stress) which steel undergoes during transformation from pearlite to martensite [28] . The initial defect considered was a horizontal crack of 5mm size at 0.5mm below the rail surface, aiming to simulate the early stages of the defects observed in the physical rail examination [4] [5].
Temperatures of 1000C, 500C and 20C (referred to as ÔcoldÕ) were considered, covering the range at which martensite transformation takes place and also the milder case of significant heat input which would not leave this evidence in the rail. Results were generated in terms of stress intensity factors which can be used to predict fatigue and fracture of the rail, and also deformed geometry images showing opening and sliding of the crack faces under load which are helpful in understanding how the crack would develop. The deformed geometry indicated that the compressive stress caused by thermal loading and expansion of the surface is relieved by the thin heated layer bulging up, and this provides a crack opening stress which can ÔunlockÕ shear mode crack growth and which would not be present in the standard cold case.
This crack opening effect is very similar to the crack opening effect of fluids trapped in surface breaking inclined rolling contact fatigue cracks, and it links squat type or stud defects with the findings of Bower [2] that extended shear mode crack growth in rails is only possible when shear loading from a contact is accompanied by a crack opening stress cycle.
The predicted peak stress intensity factors showed that crack growth by fracture will not occur under cold (20C) or 500C contact conditions. For the 1000C case the predicted stress intensity factor was very close to the fracture toughness of typical rail steels. A slightly larger initial defect, higher contact load or a slightly higher contact temperature would be expected to show fracture toughness exceedance, providing a mechanism of immediate crack extension at high contact temperatures which would not occur under cold or moderately hot contact conditions.
Considering stress intensity factor range fatigue crack growth can be predicted based on exceedance of fatigue thresholds available in the literature for rail steels. For the cold (20C) case the model indicates only very slow growth of a crack of the size studied. Choice of the model parameters such as contact pressure and crack face friction coefficient could push the value into no growth, or into more definite growth, but it would be likely to be at a very slow rate. Under the 500C or 1000C contact cases all the predicted stress intensity ranges exceed threshold, so crack growth is predicted.
Growth of cracks through persistent application of high temperature contacts would depend on the wheel temperatures reached during normal running, or on repeated traction system problems at the crack location.
[ Figures Fig. 1 . Composite micrograph of sectioned rail containing a ÔstudÕ defect [4] . Resolved shear mode stress intensity factor K τ at crack tip 2 (right) for cold (20C), 500C and 1000C contact conditions.
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